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included. Taking advantage of the uniﬁed analytical frame, stress and strain distributions ahead of the
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sented herein. A discussion focused on the shape and the extension of the plastic zone ahead of the
notches is also included.
 2009 Elsevier Ltd. All rights reserved.1. Introduction the aid of analytical tools, due to the particular form of the equa-Deliberately created or simply induced during the manufactur-
ing process, notches and microstructural defects are always pres-
ent in mechanical components resulting in more or less localised
stress and strain concentrations. High-cycle fatigue strength
assessments of notched structural components are commonly
based on linear elastic stress distributions. In the presence of low
values of the notch root radius, the theoretical stress concentration
factor alone is not sufﬁcient to control fatigue strength. It has to be
used in combination with a notch sensitivity index, which is manly
based on a large bulk of experimental data from different notches
and different materials. Decreasing progressively the notch root ra-
dius there is a limit value below which the notched component be-
have like a cracked component, with the crack depth being equal to
the notch depth (Smith and Miller, 1978).
Conversely, in the presence of static loads or low-cycle fatigue
regime the nonlinear behaviour of the material plays a leading role
in the mechanism of crack initiation and propagation.
When the notch tip radius is zero or is simply very small, the le-
vel of local stresses becomes unavoidably very high exceeding the
yield limit even when the remotely applied stress is much lower
than it. This immediately results in a plastic zone whose size has
to be compared with the process zone which controls the static
or fatigue behaviour, the latter strongly linked to the growth of
cracks departing from a notch.
Within the three principal loading modes, the third mode of
deformation (i.e. the tearing mode) is the simplest to analyse withll rights reserved.
n).tions governing the problem. Unfortunately this simpliﬁed frame
cannot be extended as it stands to notches and cracks under tensile
or in-plane shear loadings, so that for many years a complete
closed-form solution was thought to be impossible for mode I elas-
tic–plastic fracture mechanics. Only in the recent years Unger has
provided some fundamental analytical solutions to this problem
(Unger, 2001, 2005, 2007) modelling the material according to an
elastic perfectly–plastic law.
Dealing with sharp notches subjected to mode III, milestones
are the works by Hult and McClintock (1956), Hult (1957) and Rice
(1966), who provided a general solution for tip stresses, strains and
plastic zone size on the basis of ‘ﬁnite single integrals’ for an elastic
perfectly plastic material. Their general solutions included as a par-
ticular case the small scale yielding condition. Rice (1967) also
showed that, regardless the law used for the material, and in con-
trast to the plane strain and plane stress problems, the antiplane
problem can be solved in closed form by using some mappings,
the hodographic mapping, which reduce the nonlinear governing
equations into a linear system which makes it possible to ﬁnd an
analytical solution for cracks and pointed V-notches.
Starting from these bases, others researchers investigated high-
er order stress ﬁelds (Yuan and Yang, 1994/1995; Yang et al.,
1996), as well as the inﬂuence of a damaged nonlinear material
on the eigen-solution (Wang and Kuang, 1999). More recent are
the analyses carried out in the ambit of the strain gradient plasticity
(see Radi, 2007 and references reported therein).
The problem of elastic stress distributions in mode III loaded
notches with the presence of a ﬁnite notch root radius was already
analysed by the present authors (Lazzarin et al., 2007; Zappalorto
et al., 2008) as well as the elastic–plastic stress and strain
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ing and small scale yielding conditions (Zappalorto and Lazzarin,
2007). In this last paper, the shape of the plastic zone was dis-
cussed in detail considering a material obeying an elastic per-
fectly–plastic law or a strain hardening law. The solution also
provided the entire stress and strain distributions within the plas-
tic region and made smooth the transition between fracture
mechanics and notch mechanics as a function of the notch tip ra-
dius. The plastic zone shape obtained analytically by Zappalorto
and Lazzarin showed strong analogies with that obtained numeri-
cally in the past by Tuba (1966), who analysed the elastic–plastic
torsion problem of shafts with hyperbolic notches and modelled
the material behaviour with a Ramberg–Osgood law and also with
a bilinear stress–strain curve.
Taking advantage of the mathematical tools already used in
some previous works (Hult and McClintock, 1956; Neuber, 1958;
Rice, 1967), this paper presents a uniﬁed analytical frame to deter-
mine nonlinear stress and strain ﬁelds in the neighbourhood of
sharp and blunt notches.
In more detail the aims of the present contribution can be sum-
marised as follows:
– To provide an analytical frame suitable for evaluating nonlinear
stress ﬁelds in the neighbourhood of out-of-plane loaded
notches including explicitly the effect of the notch opening
angle and root radius.
– To determine stress and strain distributions ahead of the notch
tip for different nonlinear laws, those most commonly used by
engineers engaged in nonlinear notch analyses.
– To give precise indications on the shape and extension of the
plastic zone ahead of the notch.
– To provide, for the special case of a notch opening angle equal to
zero, a solution valid for any stress strain law.2. Basic equations
In a body loaded by an out-of-plane shear load, only the out-of-
plane displacement in the z direction is different from zero, so that
only the shear strain components czx and czy, and the shear stress
components szx and szy, are different from zero. The former ones
naturally satisfy the compatibility condition, Eq. (1a), the latter
ones the equilibrium condition in the out-of-plane direction z,
Eq. (1b):
@czx
@y
 @czy
@x
¼ 0 @szx
@x
þ @szy
@y
¼ 0 ð1a;bÞ
In the presence of a material exhibiting a nonlinear behaviour, the
evaluation of stress and strain distributions results in some mathe-
matical difﬁculties. Dealing with cracks and pointed V notches Hult
and McClintock (1956) and Rice (1967) were able to solve the Mode
III nonlinear problem by using a Legendre transformation, which al-
lowed them to rewrite the compatibility and the equilibrium equa-
tions in the inverse form:
@x
@czy
 @y
@czx
¼ 0 @x
@szx
þ @y
@szy
¼ 0 ð2a;bÞ2.1. Linearization of the problem: general formulation in terms of
strains
Consider the following Legendre transformation, regarding the
Cartesian coordinates (x,y) as a function of the strains:
x ¼ @w
@czx
y ¼ @w
@czy
ð3a;bÞIf Eq. (3) is written by using for strains a polar coordinate system,
the partial derivatives for w assume the following form (Rice, 1967):
x ¼  @w
@c
sin u @w
@ u
cos u
c
y ¼ @w
@c
cos u @w
@ u
sin u
c
ð4a;bÞ
where c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2zx þ c2zy
q
and u ¼ Arctan  czxczy
 
.
By substituting Eq. (4) into Eq. (2a) and using the material law
s ¼ sðcÞ, Rice obtained:
sðcÞ
cs0ðcÞ
@2w
@c2
þ 1
c
@w
@c
þ 1
c2
@2w
@ u2
¼ 0 ð5Þ
where s0ðcÞ ¼ @sðcÞ=@c.
2.2. Linearization of the problem: general formulation in terms of
stresses
Consider now a Legendre transformation regarding the Carte-
sian coordinates (x,y) as a function of the stresses:
x ¼  @w
@szy
y ¼ @w
@szx
ð6a;bÞ
Since Eq. (6a,b) inherently satisfy Eq. (2b), the solution will be
sought such to satisfy in combination equation (2a) and the mate-
rial law. By introducing a polar reference system in the shear stress
plane (Wang and Kuang, 1999; Zappalorto and Lazzarin, 2007) we
have:
szx ¼ s sin u szy ¼ s cos u ð7a;bÞ
where s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2zx þ s2zy
q
and u ¼ Arctan  szxszy
 
.
Eq. (6a,b) can be rewritten as follows:
x ¼  @w
@s
cos uþ @w
@ u
sin u
s
y ¼  @w
@s
sin u @w
@ u
cos u
s
ð8a;bÞ
Finally, substituting Eq. (8) into Eq. (2a) and using Eq. (9) to describe
the material properties:
c ¼ cðsÞ czj ¼
szj
s
cðsÞ ð9Þ
one obtains:
cðsÞ
sc0ðsÞ
@2w
@s2
þ 1
s
@w
@s
þ 1
s2
@2w
@ u2
¼ 0 ð10Þ
where c0ðsÞ ¼ @cðsÞ=@s.
Eq. (10) substitutes Eq. (5) when the problem is formulated in
terms of stresses instead than of strains; it allows us to solve the
problem provided that appropriate boundary conditions are set
on w.
3. Neuber’s conformal mapping
Sharp and blunt V-shaped notches can be analysed in a uniﬁed
way by employing the orthogonal curvilinear coordinate system
proposed by Neuber (see Fig. 1):
z ¼ wq ð11Þ
where z ¼ xþ iy and w ¼ uþ iv are complex variables in the phys-
ical and the transformed planes, respectively, whereas q is a real
number linked to the opening angle 2a of the notch proﬁle by
means of the expression (Neuber, 1958):
q ¼ 2p 2a
p
: ð12Þ
As the opening angle 2a ranges from 0 to p; q ranges from 2 to 1.
Eq. (11) has been widely used to solve notch problems in plates
u = 0 
u0
x
y
v = cost 
2α
Fig. 1. Auxiliary system of curvilinear coordinates (u,v).
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1996; Filippi et al., 2002; Zappalorto et al., 2008) as well as nonlin-
ear elastic notch problems in shafts under mode III (Zappalorto and
Lazzarin, 2007; Zappalorto and Lazzarin, 2009).
The parameter r0, which gives the distance between the origin
of the reference system and the notch tip, with both points being
on the symmetry axis, can be linked to the curvature radius by
the relationship:
q ¼ qu
q
0
q 1 ¼
qr0
q 1 ð13Þ
Note that when the notch opening angle is equal to zero
ð2a ¼ 0; q ¼ 2Þ, then r0 ¼ q=2, as in the Creager–Paris equations
for ‘blunt cracks’ (Creager and Paris, 1967).
4. Boundary conditions for w
When the formulation is given in terms of strains, suitable
boundary conditions for w can be obtained by imposing the sym-
metry condition on the notch bisector line and the shear-strain-
free condition on the notch ﬂanks (Zappalorto and Lazzarin, 2009):
@w
@c
ðc; u ¼ 0Þ ¼ 0 @w
@ u
ðc; u ¼ p=2 aÞ ð14a;bÞ
Conversely, when the formulation is in terms of stresses, it is easy to
verify that the boundary conditions for w are:
@w
@ u
ðs; u ¼ 0Þ ¼ 0 @w
@s
ðs; u ¼ p=2 aÞ ¼ 0 ð15a;bÞ5. General forms for the function
5.1. Complete solution in terms of strains or in terms of stresses
After Rice (1967), the solutions can be sought in the separate
variable form:
w ¼
X1
k¼1
fkðcÞ sinxk u; k ¼ 1;2 . . . : ð16Þ
Note that Eq. (16) inherently satisﬁes Eq. (14a), whereas Eq. (14b)
further requires:
cos xk
p
2
 a
 h i
¼ 0; xk ¼ ð2k 1Þ pp 2a : ð17a;bÞThen thanks to Eq. (3) we have:
x ¼
X1
k¼1
 @fk
@c
sin u sinxk uxkfkc cos u cosxk u
 
y ¼
X1
k¼1
@fk
@c
cos u sinxk uxkfkc sin u cosxk u
  ð18a;bÞ
Substitution of Eq. (16) into Eq. (5) results in the following differen-
tial equation for fk:
sðcÞ
cs0ðcÞ
@2fk
@c2
þ 1
c
@fk
@c
x
2
k
c2
fk ¼ 0: ð19Þ
When the problem is formulated in terms of stresses, the general
form for w proposed here is:
w ¼
X1
k¼1
fkðsÞ cosxk u; k ¼ 1;2 . . . : ð20Þ
One should note that Eq. (20) inherently satisﬁes Eq. (15b), whereas
Eq. (15a) needs in combination equation (17b).
Then, from Eq. (8a,b) we obtain:
x ¼
X1
k¼1
 @fk
@s
cos u cosxk uxkfks sin u sinxk u
 
y ¼
X1
k¼1
 @fk
@s
sin u cosxk uþxkfks cos u sinxk u
  ð21a;bÞ
Finally, substitution of Eq. (20) into Eq. (10) results in the following
differential equations for fk:
cðsÞ
sc0ðsÞ
@2fk
@s2 þ
1
s
@fk
@s 
x2k
s2 fk ¼ 0 ð22Þ
which allows to solve the problem as soon as the material law is
known.
5.2. Leading order term based solution
When the analysis is limited to the near tip regions of cracks or
pointed and blunt V-shaped notches Eqs. (16) and (20) can be sim-
pliﬁed by considering only the leading order term, k = 1, of the ser-
ies expansion. In terms of strains, we have:
w ¼ f1ðcÞ sinx1 u x1 ¼ pp 2a ð23a;bÞ
and
x ¼  @f1
@c
sin u sinx1 ux1f1c cos u cosx1 u
y ¼ @f1
@c
cos u sinx1 ux1f1c sin u cosx1 u
ð24a;bÞ
where f1 satisﬁes the following differential equation:
sðcÞ
cs0ðcÞ
@2f1
@c2
þ 1
c
@f1
@c
x
2
1
c2
f1 ¼ 0 ð25Þ
On the other hand, when the problem is formulated in terms of
stresses, we have:
w ¼ f1ðsÞ cosx1 u x1 ¼ pp 2a ð26a;bÞ
and:
x ¼  @f1
@s
cos u cosx1 ux1f1s sin u sinx1 u
y ¼  @f1
@s
sin u cosx1 uþx1f1s cos u sinx1 u
ð27a;bÞ
854 M. Zappalorto, P. Lazzarin / International Journal of Solids and Structures 47 (2010) 851–864where f1 satisﬁes the following differential equation:
cðsÞ
sc0ðsÞ
@2f1
@s2
þ 1
s
@f1
@s
x
2
1
s2
f1 ¼ 0 ð28Þ6. Leading order solution for 2a ¼ 0
When the notch opening angle is zero, ð2a ¼ 0Þ, then x1 ¼ 1
and the last term of Eqs. (25), (28) becomes f1=c2 or f1=s2, respec-
tively. Consider initially the formulation of the problem in terms of
c and assume the following integral form for f1ðcÞ:
f1ðcÞ ¼ C1c
Z þ1
c
gðfÞdf ð29Þ
where gðfÞ is a rapidly decreasing function and C1 is a constant to be
determined. This form assures the necessary condition of singular-
ity for strains, which can be written as
lim
c!1
xju¼0 ¼ limc!1 f1=c ¼ limc!1
Z þ1
c
gðfÞdf ¼ 0:
From Eq. (29), one easily obtains:
f 01ðcÞ
C1
¼ 1
C1
@f1ðcÞ
@c
¼
Z þ1
c
gðfÞdf cgðcÞ
f 001 ðcÞ
C1
¼ 1
C1
@2f1ðcÞ
@c2
¼ 2gðcÞ  cg0ðcÞ ð30Þ
Substituting Eq. (30) into Eq. (25) with x1 ¼ 1 and simplifying the
common terms leads to the following condition on g:
g0ðcÞ ¼ gðcÞ 2
c
þ s
0ðcÞ
sðcÞ
 
ð31Þ
Eq. (31) is a ﬁrst order differential equation whose solution simply
is gðcÞ ¼ 1c2sðcÞ.
Then, f1ðcÞ takes the following form:
f1ðcÞ ¼ C1c
Z þ1
c
1
f2sðfÞ df: ð32Þ
By proceeding on parallel tracks, it is possible to prove that when
the problem is formulated in terms of s, the solution for f1ðsÞ is:
f1ðsÞ ¼ C1s
Z þ1
s
df
f2cðfÞ ð33Þ
Starting from Eqs. (32), (33) we can also determine the ﬁrst deriva-
tives of f1, namely:
@f1ðcÞ
@c
¼ C1 
Z þ1
c
df
f2sðfÞ 
C1
csðcÞ
@f1ðsÞ
@s
¼ C1 
Z þ1
s
df
f2cðfÞ 
C1
scðsÞ ð34Þ
Finally, the expressions for x and y turn out to be (see Eqs. (24) and
(27)):
x ¼ C1 1c  sðcÞ sin
2 u
Z þ1
c
df
f2sðfÞ
 !
y ¼ C1 cos
u sin u
c  sðcÞ ð35a;bÞ
in terms of strains, and:
x ¼ C1 1s  cðsÞ cos
2 u
Z þ1
s
df
f2cðfÞ
 !
y ¼ C1 sin
u cos u
s  cðsÞ ð36a;bÞ
in term of stresses, respectively.7. Leading order based solution for Neuber’s special nonlinear
law
7.1. General considerations
When the material obeys Neuber’s special nonlinear law shown
in Fig. 2 (Neuber, 1958; Neuber, 1961):
s ¼ s0cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q ; s0 ¼ Gc0 Gc ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ss0
 2r ð37a—cÞ
the general solution for f1 has the following form (Zappalorto and
Lazzarin, 2009):
f1 ¼ C1 c0c
 x1
F1 þ C2 c0c
 x1
F2 ð38Þ
In Eq. (38) C1; C2 are two parameters to determine, whereas F1; F2
are two particular functions, which depend both on x1 and c=c0ð Þ2.
More precisely, these functions are:
F1 ¼ F x1 þ 12 ;
x1
2
;1x1; cc0
 2" #
F2 ¼ F þx1  12 ;þ
x1
2
;1þx1; cc0
 2" #
ð39Þ
Here F is a hypergeometric function of the kind (Abramowitz and
Stegun, 1972; Forsyth, 1996):
F½a;b;c; t ¼ 1þab
c
tþaðaþ1Þbðbþ1Þ
2cðcþ1Þ t
2þ 
þaðaþ1Þ . . . ðaþn1Þbðbþ1Þ . . . ðbþn1Þ
n!cðcþ1Þ . . . ðcþn1Þ t
nþ  
ð40Þ7.2. Solution in polynomial form
As the notch opening angle ranges from 0 to 180, x1 increases
from 1 to +1, see Eq. (23). The leading order solution for any notch
opening angle can be transformed, without any loss of generality,
from a solution based on hypergeometric series, as given in (Zap-
palorto and Lazzarin, 2009), to a solution based on the associated
Legendre polynomials, which represents the new proposal. Taking
advantages of the analytical developments reported in Appendix A,
the ﬁnal solution for x and y turns out to be:
x¼2x1 C1
c
x1
x11 k  h1h2ð Þx1  h1þh2ð Þ½ sin
usinðx1 uÞþf
þ g  x1k1ð Þ g1  x1kþ1ð Þ
 
cos ucosðx1 uÞ
	
y¼ 2x1 C1
c
x1
x11 k  h1h2ð Þx1  h1þh2ð Þ½ cos
usinðx1 uÞf þ
 g  x1k1ð Þ g1  x1kþ1ð Þ
 
sin ucosðx1 uÞ
	
ð41a;bÞ
where, all auxiliary parameters have the following closed-form
expressions:
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
g ¼ kþ 1
k 1
 x1=2
h1 ¼ 1þ 2k 1
 x1=2
h2 ¼ 1 2kþ 1
 x1=2
ð42Þ
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Fig. 2. Stress–strain curve according to Neuber’s special law, Eq. (37).
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
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k  h1  h2ð Þ x1  h1 þ h2ð Þ½ 2 sin2ðx1 uÞ þ g  x1k 1ð Þ  g1  x1kþ 1ð Þ½ 2 cos2ðx1 uÞ
q ð43ÞDifferent from the form reported in the above quoted work, this
solution is easily manageable and allows some important conclu-
sions to be drawn on the shape of the shear strain vector contour
lines (namely the geometrical locus of all points characterised by
the same value of the modulus of the shear strain vector c, see Sec-
tion 7.6) as well as on the shape and size of the plastic zone (Section
7.7), which were very difﬁcult to be obtained with a formulation
based on hypergeometric functions.
It is worth noting that only the cases 2a > 0 can be treated with
the general solution, whereas the crack case, 2a ¼ 0, needs a spe-
cial solution, which will be presented in Section 7.4.
7.3. Limit solutions
When small scale yielding conditions are guaranteed, Eqs. (41),
42, 43 provide the solution for x and y for any value of c, with c
ranging from high values in the close neighbourhood of the notch
tip to low values at a convenient distance from it. However, it is far
from easy to invert Eqs. (41)–(43) such as to have closed-form dis-
tributions for strains as a function of the polar coordinates ðr;uÞ.
Not being able to do it, the present authors suggest a different, sim-
pliﬁed, procedure. Since stress and strain distributions are usually
needed in the close neighbourhoods of the tip, it is surely possible
to determine the limit solutions both for high values of c (close the
tip) and for low values of c (at a certain distance from the tip). This
was already done by Zappalorto and Lazzarin (2009), but only
along the notch bisector line. That procedure is extended here to
all the other directions, taking advantage of the new solution given
in a polynomial form.
Taken from the Appendix A, stress and strain distributions are:
c ¼ ðx1C1cx10 Þ
1
x1þ1rk31; s ¼ Gc ð44a;bÞ
in the elastic zone, whereu ¼ u
1þx1 ¼ ð1 k3Þu ð45Þ
and
c ¼ 21x1x1ð1þx1ÞC1r cosx1 u; s ¼ s0 ð46Þ
in the nonlinear elastic zone, where u ¼ u.
It is now useful to introduce the strain notch intensity factors,
extending to nonlinear elasticity some deﬁnitions largely used un-
der linear elastic conditions (see Zappalorto et al., 2008 and refer-
ence reported therein). Considering the notch bisector line, u ¼ 0,
such factors are deﬁned as follows:
Kc3q;e ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
r!r0
r1k3cðr;u ¼ 0Þ; Kc3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
r!r0
rsc;pcðr;u ¼ 0Þ
ð47a;bÞ
where subscript qmeans that the notch root radius can be different
from zero. Note that the exponent sc;p does depend on the material
law and is equal to1whenNeuber’s special law is used, see Eq. (46).
After the introduction of Eqs. (44), (46) into Eq. (47a,b), the fol-
lowing relationships can be easily derived for the elastic and non-
linear elastic NSIFs:
Kc3q;e ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
ðx1C1cx10 Þ1k3 K3q;e ¼ GKc3q;e
Kc3q;p ¼ 
ﬃﬃﬃﬃﬃﬃ
2p
p
x121x1 ð1þx1ÞC1 K3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
s0
ð48a — dÞ
Finally, nonlinear (plastic) stresses and strains close to notch tip or
elastic stresses and strains at a certain distance from the notch tip
can be written in terms of linear and nonlinear notch stress (or
strain) intensity factors.
czx
czy
( )
¼ K
c
3q;pﬃﬃﬃﬃﬃﬃ
2p
p  1
r
 cosðx1uÞ sinu
cosðx1uÞ cosu

 
;
szx
szy

 
¼ s0
 sinu
cosu

 
ð49Þ
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czx
czy
( )
¼ K3q;er
k31ﬃﬃﬃﬃﬃﬃ
2p
p
G
 sin 1 k3ð Þu
cos 1 k3ð Þu

 
;
szx
szy

 
¼ K3q;er
k31ﬃﬃﬃﬃﬃﬃ
2p
p  sin 1 k3ð Þu
cos 1 k3ð Þu

 
ð50Þ
It is worth noting that:
Kc3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
21x1 ð1þx1Þ K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
c0 ð51Þ
When the notch root radius is different from zero, it is natural to
give the solution also in terms of the maximum value of the stress
or the strain. Being valid the following relationships:
Kc3q;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
cmax;pr0 smax;p ¼ s0 K3q;e ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
smax;er1k30 ð52a—cÞ
the solution takes the form:
czx
czy
( )
¼ cmax;p 
r0
r
 cosðx1uÞ sinu
cosðx1uÞ cosu

 
;
szx
szy

 
¼ s0
 sinu
cosu

 
ð53a;bÞ
in the plastic zone, and:
czx
czy
( )
¼ smax;e
G
r
r0
 k31  sinð1 k3Þu
cosð1 k3Þu

 
; ð54Þ
szx
szy

 
¼smax;e rr0
 k31  sinð1 k3Þu
cosð1 k3Þu

 
ð55Þ
in the elastic zone at a given distance from the notch tip. These last
expressions match those obtained under ideally linear elastic condi-
tions (Zappalorto et al., 2008).
7.4. Special solution for 2a ¼ 0
The solution for 2a ¼ 0 represents a singularity for the general
solution above-provided, since it involves logarithmic functions.
The main results of the solution valid for 2a ¼ 0, already discussed
in (Zappalorto and Lazzarin, 2009), is reported here for the sake of
completeness:
f1 ¼ þ C1c  c0
 c2Ln
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c
0@ 1Aþ c0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc20 þ c2q
8<:
9=; ð56Þ
and
x ¼ C1
c0
c0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c2
cos 2 uþ Ln
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c
0@ 1A8<:
9=;; ð57Þ
y ¼ C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c2
sin 2 u ð58Þ
where C1 can be linked to the plastic notch strain intensity factor
ðC1 ¼ Kc3q;p=
ﬃﬃﬃﬃﬃﬃ
8p
p
Þ. Note that, by using a different notation, one
can write:
x XðcÞ ¼ RðcÞ cos 2 u y ¼ RðcÞ sin 2u
XðcÞ ¼ C1
c0
Ln
c0 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c
0@ 1A RðcÞ ¼ C1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c20 þ c2
q
c2
ð59Þ
It is evident that the equation for the shear strain vector contour
lines is:
½x XðcÞ2 þ y2 ¼ R2ðcÞ ð60ÞThis relationship shows that shear strain vector contour lines are
circles of radius RðcÞ centred at a distance XðcÞ from the point x ¼ 0.
7.5. Solution for the out-of-plane displacement
The out-of-plane displacement, w, can be determined by
employing the following relationships:
czx ¼
@w
@x
; czy ¼
@w
@y
ð61Þ
Then
dw ¼ @w
@x
dxþ @w
@y
dy ¼ czxdxþ czydy ð62Þ
dw ¼ @w
@czy
dczy þ
@w
@czx
dczx ¼ xdczy þ ydczx ð63Þ
Adding Eqs. (62) and (63):
dwþ dw ¼ czxdxþ czydyþ xdczy þ ydczx ¼ dðczxxÞ þ dðczyyÞ ð64Þ
so that:
w ¼ czxxþ czyy w ð65Þ
The displacement in the nonlinear zone (where the strains are very
high) can be determined introducing into Eq. (65):
– czx and czy from Eq. (49);
– x ¼ r cosu and y ¼ r sinu;
– the expression for w derived by coupling equation (23a) and
(A.16), with the ﬁnal identity
C1 ¼  K3q;e
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 x1þ1 c0
x1
:
In conclusion, the displacement in the near tip region turns out to
be:w ¼ 21x1c0
1þx1
x1
K3q;e
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 x1þ1
sinx1u ð66Þ
It is worth noting that in the case 2a ¼ 0, Eq. (66) gives:
w ¼ K
2
3q;e
pGs0
sinu ð67Þ
according to Zappalorto and Lazzarin (2007), who considered a par-
abolic notch in an elastic perfectly-plastic material.
7.6. Some plots of the stress distributions
Figs. 3–5 plot the stress and strain distributions along the notch
bisector line and compare the trend described by the complete
solution with the two limit solutions, linear elastic and plastic. A
comparison is also made with the expressions determined for the
same material law by Neuber (1961). Note that Neuber, by using
an approach completely different from that presented here, gave
the expressions for x and y in terms of the shear stresses s , and
not in terms of strains c. They were:
xju¼0 ¼
A
2nþ 1 h
2nþ1
2n  k
h
 2nþ1
2n
" #
þ Ak
1 2n h
12n
2n  k
h
 12n
2n
" #
ð68Þ
where
k ¼ 1
2s0
 2
; h ¼ 1
2s
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
s0
 2s24 35; 2n ¼ p 2a
p
ð69Þ
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Fig. 3. Shear strains along the bisector line (a) and shear stresses along the bisector line (b). 2a ¼ 60 .
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and the present solution, regardless the notch tip radius. Moreover,
both solutions agree also with the limit conditions valid in the
highly nonlinear and in the linear zone, as presented in the previous
section of this paper.
Finally, Fig. 6 shows the evolution of the shear strain vector con-
tour lines for a pointed notch with 2a ¼ 90, as the strain intensity
decreases. Fig. 6a, which plots the limit plastic condition, shows
that strains at the tip are tangent to a line describing an angle equal
to p=2 a.
7.7. Plastic zone size and shape under small scale yielding
In the previous literature great attention has been paid to
the extension of the plastic zone ahead of notches under small
scale yielding conditions (from Hult and McClintock, 1956; for
pure mode III loadings, to a recent work by Khan and Khrai-
sheh (2004) for mixed (I + II) mode). One should remember
that these estimations are based, alternatively, on the ideally
elastic solution and adjusted a posteriori, or the fully plastic
solution.
The complete solution presented here allows us to draw the ex-
act elastic plastic boundary by simply imposing the condition
c ¼ c0.By introducing into Eqs. (41)–(43) the condition c ¼ c0, one ob-
tains step by step:
C1 ¼  K3q;e
G
ﬃﬃﬃﬃﬃﬃ
2p
p
 x1þ1 1
x1cx10
k ¼
ﬃﬃﬃ
2
p
g ¼ h1 ¼
ﬃﬃﬃ
2
p
þ 1ﬃﬃﬃ
2
p
 1
 !x1=2
¼ ð1þ
ﬃﬃﬃ
2
p
Þx1
h2 ¼ g1 ¼
ﬃﬃﬃ
2
p
 1ﬃﬃﬃ
2
p
þ 1
 !x1=2
¼ ð
ﬃﬃﬃ
2
p
 1Þx1 ð70Þ
and then
xp ¼ K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
H2 sin u sinðx1 uÞþf H1 cos u cosðx1 uÞg
yp ¼
K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
H1 sin u cosðx1 uÞ  H2 cos u sinðx1 uÞgf
rp ¼ K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
H21 cos2ðx1 uÞ þ H22 sin2ðx1 uÞ
q
ð71Þ
where
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Fig. 4. Shear strains along the bisector line (a) and shear stresses along the bisector line (b). 2a ¼ 120 .
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x1
x1  1 ð1þ
ﬃﬃﬃ
2
p
Þx1  x1
ﬃﬃﬃ
2
p
 1
 h
ð
ﬃﬃﬃ
2
p
 1Þx1  x1
ﬃﬃﬃ
2
p
þ 1
 i
H2ðx1Þ ¼ 2
x1
x1  1
ﬃﬃﬃ
2
p
 ð1þ
ﬃﬃﬃ
2
p
Þx1  ð
ﬃﬃﬃ
2
p
 1Þx1
 h
x1  ð1þ
ﬃﬃﬃ
2
p
Þx1 þ ð
ﬃﬃﬃ
2
p
 1Þx1
 i
ð72Þ
The parameters H1 and H2 are plotted in Fig. 7 versus the notch
opening angle 2a.
Along the notch bisector line, we have
xp ¼ H1  K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
ð73Þ
On parallel tracks, by using alternatively the limit (elastic or plastic)
solutions, two different values for the plastic zone are obtained :
xelasticsolutionp ¼
K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
xelasticsolutionp ¼ 21x1 ðx1 þ 1Þ
K3q;eﬃﬃﬃﬃﬃﬃ
2p
p
s0
 x1þ1
ð74a;bÞ
It is then evident that the complete solution gives an exact plastic
zone extension, which is H1 times the simpliﬁed result obtainedby using the elastic solution. Further, the pure plastic solution gives
a plastic zone extension which is b ¼ 21x1 ðx1 þ 1Þ times the sim-
pliﬁed result obtained by using the elastic solution ð0 < b < 2Þ.
Some plots for the plastic zone obtained by using the complete
solution, and the limit (elastic and plastic) solution are shown in
Fig. 8.
7.8. Plastic zone for x1 ¼ 1ð2a ¼ 0Þ
Substitution of c ¼ c0 into Eq. (59) results in:
XðcÞ ¼ C1
c0
Lnð1þ
ﬃﬃﬃ
2
p
Þ
RðcÞ ¼ C1
ﬃﬃﬃ
2
p
c0
ð75Þ
Further, by substituting C1 ¼  K3q;eG ﬃﬃﬃﬃ2pp 2 1c0:
XðcÞ ¼ K3q;e
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 2
Lnð1þ
ﬃﬃﬃ
2
p
Þ
RðcÞ ¼
ﬃﬃﬃ
2
p K3q;e
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 2 ð76Þ
so that the plastic zone is a circle of equation:
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s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 2
Lnð1þ
ﬃﬃﬃ
2
p
Þ
" #2
þ y2 ¼ 2 K3q;e
s0
ﬃﬃﬃﬃﬃﬃ
2p
p
 4
ð77Þ8. Closed form solution for nonlinear elastic materials with a
power law
Consider the following nonlinear elastic material law (Fig. 9):
c
c0
¼ s
s0
 n
ð78Þ
where the exponent n is positive and greater than unity
ð1 6 n 61Þ; c0 is the reference shear strain, s0 is the reference
shear stress.This problem can be equivalently formulated in terms of stres-
ses or of strains. However, only the solution given in terms of stres-
ses will be present here.
Substituting Eq. (78) into Eq. (28) one obtains:1
n
@2f1
@s2
þ 1
s
@f1
@s
x
2
1
s2
@2f1
@ u2
¼ 0 ð79ÞEq. (79) agrees with the differential equation determined by Wang
and Kuang (1999) when the damage function suggested by them is
set equal to zero.
Solutions of Eq. (79), with the additional condition lims!1@f1=
@s ¼ 0, to guaranteed stress singularity, take the form:
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1n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn1Þ2þ4nx2
1
p
2 ð80Þ
This solution matches that already obtained in (Lazzarin and Zap-
palorto, 2008) where only pointed V-notches with q ¼ 0 were taken
into account. In that paper the leading order terms of stresses and
strains were linked to the nonlinear NSIFs, which can be applied
both to pointed and blunt notches. Then it is possible to extend
the solution from pointed V-notches to blunt V-notches, and ex-
press stresses and strains in the neighbourhoods of the notch tip
as follows:
szy ¼ K3qﬃﬃﬃﬃﬃﬃ
2p
p
eF
r
 ! 1
1m
cos u szx ¼  K3qﬃﬃﬃﬃﬃﬃ
2p
p
eF
r
 ! 1
1m
sin u ð81a;bÞ
czy ¼
K3qﬃﬃﬃﬃﬃﬃ
2p
p
 n c0
sn0
1
r
eF  n1m cos u czx ¼  K3qﬃﬃﬃﬃﬃﬃ2pp
 n c0
sn0
1
r
eF  n1m sin u
ð82a;bÞ
where K3q is the generalised NSIF deﬁned according to the
expression:
K3q ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
lim
r!r0
r
1
1mszy r;u ¼ 0ð Þ ð83Þ
In Eqs (81), (82) all auxiliary parameters have closed-form
expressions:
m ¼
1 n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn 1Þ2 þ 4x21n
q
2
eF ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃcos2x1 uþx21m2 sin2x1 u
r
ð84Þ
u ¼ u arctan x1
m
tanx1 u
 
When n = 1, one gets the linear elastic solution. On the contrary
when n !1the solution is that for a perfectly plastic material.
All the intermediate values for n are included in Eqs. (81) and (82).
If the notch root radius is different from zero, stresses can be
equivalently written as a function of the maximum shear stress
at the tip:
szy ¼ smax eF  r0r 
1
1m
cos u szx ¼ smax eF  r0r 
1
1m
sin u ð85Þ
czy ¼
c0
sn0
snmax eF  r0r 
n
1m
cos u czx ¼ 
c0
sn0
snmax eF  r0r 
n
1m
sin u ð86Þ9. Solution for the Ramberg–Osgood law
9.1. General treatise
Assume for the material the following law:
Gc ¼ sþ dsn ð87Þ
where G is the elastic shear modulus, 1 < n < 1 is the hardening
exponent, d is a constant such that d ¼ s1n0 and s0 is the yield stress.
This is the so-called Ramberg–Osgood law.
Substitution of Eq. (85) into Eq. (28) results in:
sþ d  sn
sþ n  d  sn
@2f1
@s2
þ 1
s
@f1
@s
x
2
1
s2
f1 ¼ 0 ð88Þ
The authors were not able to obtain the complete solution of Eq.
(88). However, once again, the solution can be given in the context
of two limit conditions for s. In particular as s!1, the solution
matches that for a power law behaviour; conversely as s! 0, the
linear elastic behaviour is obtained. Thenczx
czy
( )
¼ K3q;pﬃﬃﬃﬃﬃﬃ
2p
p
 n c0
sn0
1
r
eF  n1m  sin u
cos u

 
;
szx
szy

 
¼ K3q;pﬃﬃﬃﬃﬃﬃ
2p
p
eF
r
 ! 1
1m  sin u
cos u

 
ð89Þ
in the plastic domain, and:
czx
czy
( )
¼ K3q;er
k31ﬃﬃﬃﬃﬃﬃ
2p
p
G
 sin 1 k3ð Þu
cos 1 k3ð Þu

 
;
szx
szy

 
¼ K3q;er
k31ﬃﬃﬃﬃﬃﬃ
2p
p  sin 1 k3ð Þu
cos 1 k3ð Þu

 
ð90Þ
in the elastic domain, respectively.
This acknowledged behaviour is commonly thought of as due to
the high stress and strain concentration effects caused in the plas-
tic zone by the pointed V-notch, so that, the contribution to the lo-
cal stress and strain ﬁelds by the elastic term is negligible when
compared to that of the plastic term.
In Appendix B this trend is demonstrated by a strict mathemat-
ical point of view for the case 2a ¼ 0.
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When 2a ¼ 0ðx1 ¼ 1Þ, the solution for x and y can be obtained
by simply substituting Eq. (87) into Eq. (36):
x ¼ C1 1s  ðsþ dsnÞ cos
2 u
Z þ1
s
df
f2ðfþ dfnÞ
 !
y ¼ C1 sin
u cos u
s  ðsþ dsnÞ ð91a;bÞ
Solving the integral, the solution takes the form:
x ¼ C1 1s  ðsþ dsnÞ cos
2 u 1ðnþ 1Þdsnþ1 F
nþ 1
n 1 ;1;
2n
n 1 ;
1
dsn1
  
y ¼ C1 sin
u cos u
s  ðsþ dsnÞ
ð92a;bÞ
where F is again the hypergeometric series deﬁned according to Eq.
(40).
The shear stress distribution (see Appendix B) is:
sðx;u ¼ 0Þ ¼ C1
dr
n
nþ 1
  1
nþ1
ð93Þ
near the notch tip, and
sðx;u ¼ 0Þ ¼
ﬃﬃﬃﬃﬃ
C1
2r
r
: ð94Þ
and at a certain distance from the notch tip.
From these results we can also determine the relationship link-
ing plastic and elastic NSIFs:
K3;p ¼
ﬃﬃﬃﬃﬃﬃ
2p
p n
nþ 1
K23;e
p s
n1
0
 ! 1
nþ1
ð95Þ
as well as the relationship linking plastic and elastic stress at the
notch tip:
smax;p ¼ 2nnþ 1 s
2
max;e  sn10
  1
nþ1
ð96Þ
As a consequence:
Ks  Kc ¼ 2nnþ 1K
2
t ; ð97Þ
These equations match those previously determined by Zappalorto
and Lazzarin (2007) modelling the material behaviour according to
the following noncontinuous law:
c
c0
¼ ss0 for s 6 s0 ð98Þ
c
c0
¼ s
s0
 n
for s > s0; ð99Þ10. Conclusions
By using a uniﬁed approach, nonlinear stress and strain ﬁelds in
the neighbourhood of out-of-plane loaded notches have been ob-
tained. The inﬂuence of the notch opening angle and the notch root
radius has been explicitly accounted for. Different nonlinear laws
have been used for the material, those most commonly used by
engineers engaged in nonlinear notch analyses.
On the basis of the obtained stress and strain ﬁelds, the shape of
the plastic zone ahead of the different notches have been discussed
showing the inﬂuence of themost important geometrical andmate-
rial parameters. Inparallel, the linkbetweenstressor strain intensityfactors evaluated under nonlinear or linear elastic conditions has
been provided, clarifying the role played by the material law.
Finally, for the special case of a notch opening angle equal to
zero, blunt U-notch or crack, a solution valid for any stress–strain
law has been presented.
Appendix A. Conversion of hypergeometric series into
polynomial expressions
Theory of hypergeometric functions allows us to write the fol-
lowing equality (Abramowitz and Stegun, 1972):
F a; aþ 1
2
; c; t
 
¼ 2c1CðcÞðtÞ1c2 ð1 tÞc12 aP1c2ac ð1 tÞ
1
2
h i
ðA:1Þ
where Pm‘ ½x is the associated Legendre polynomial, whose most
straightforward deﬁnition is in terms of derivatives of ordinary
Legendre polynomials:
Pm‘ ½x ¼ ð1Þmð1 x2Þm=2
dm
dxm
P‘½x
¼ ð1Þmð1 x2Þm=2 d
m
dxm
1
2‘‘!
d‘
dx‘
½ðx2  1Þ‘
 !
ðA:2Þ
Here, the ordinary Legendre polynomial, P‘½x, has been written by
using Rodrigues’s formula (Hildebrand, 1976; Arfken and Weber,
2001):
P‘½x ¼ 1
2‘‘!
d‘
dx‘
½ðx2  1Þ‘: ðA:3Þ
Since F1 and F2 can be re-written in the form
F1 ¼ F a1; a1 þ 12 ; c1;
c
c0
 2" #
F2 ¼ F a2; a2 þ 12 ; c2;
c
c0
 2" #
ðA:4Þ
with
a1 ¼ x1 þ 12 ; c1 ¼ 1x1 a2 ¼
x1  1
2
; c2 ¼ 1þx1 ðA:5Þ
one can apply Eq. (A.1) and obtain:
F1 ¼ 2x1Cð1x1Þ cc0
 x1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
Px12 1þ
c
c0
 2 !1224 35
F2 ¼ 2x1Cð1þx1Þ cc0
 x1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
Px12 1þ
c
c0
 2 !1224 35
ðA:6Þ
Substituting Eqs. (A.6) into Eq. (38), which gives f1, and byusing an ex-
plicit formfor theLegendrepolynomials (Belousov,1962), oneobtains:
f1 ¼ C1 2
x1
x1  1
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cc0
 2r
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cc0
 2r
0BBB@
1CCCA
x1=2
x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
 1
0@ 1A
þ C2 2
x1
x1 þ 1
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cc0
 2r
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cc0
 2r
0BBB@
1CCCA
x1=2
x1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
þ 1
0@ 1A
ðA:7Þ
Singularity of strains requires limc!1xju¼0 ¼ limc!1 f1c ¼ 0. Then
C2 ¼ 4x1 x1 þ 1x1  1C1 ðA:8Þ
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some algebraic manipulations, f1 and df1 assume a more synthetic
form:
f1 ¼ C1 2
x1
x1  1 g  x1k 1ð Þ  g
1  x1kþ 1ð Þ
 
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c
c0
 2s
g ¼ kþ 1
k 1
 x1=2
ðA:9Þ
@f1
@c
¼ 2x1 C1
c
x1
x1  1 ½k  ðh1  h2Þ þx1  ðh1 þ h2Þ
h1 ¼ 1þ 2k 1
 x1=2
h2 ¼ 1 2kþ 1
 x1=2
ðA:10Þ
Finally, the expressions for x and y become:
x¼2x1 C1
c
x1
x11 k  h1h2ð Þx1  h1þh2ð Þ½ sin
usinðx1 uÞþf
þ g  x1k1ð Þ g1  x1kþ1ð Þ
 
cos ucosðx1 uÞ
	
y¼ 2x1 C1
c
x1
x11 k  h1h2ð Þx1  h1þh2ð Þ½ cos
usinðx1 uÞf þ
 g  x1k1ð Þ g1  x1kþ1ð Þ
 
sin ucosðx1 uÞ
	
ðA:11Þ
whereas the radial distance r is:
r ¼ 2x1 C1
c
x1
x1  1 k  h1  h2ð Þ x1  h1 þ h2ð Þ½ 
2 sin2ðx1 uÞ
n
þ g  x1k 1ð Þ  g1  x1kþ 1ð Þ
 2
cos2ðx1 uÞ
o1=2
ðA:12Þ
Considering these polynomial expressions, it is possible to verify
that:
lim
c!0
cx1þ1
f1
c
¼ C1cx10
lim
c!0
cx1þ1
@f1
@c
¼ x1C1cx10
lim
c!0
r ¼ x1C1cx10 cx11
ðA:13Þ
Then, in the elastic region the asymptotic solution takes the form:
c ¼ x1C1cx10
  1
x1þ1rk31 s ¼ G  x1C1cx10
  1
x1þ1rk31
Further, from Eq. (45), one obtains:
x ¼ x1C1 c
x1
0
cx1þ1
cosx1 u cos u sinx1 u sin uð Þ
y ¼ x1C1 c
x1
0
cx1þ1
cosx1 u cos uþ sinx1 u sin uð Þ
ðA:14Þ
and
sinu
cosu
¼ y
x
¼ cos u sinx1 uþ sin u cosx1 u
cos u cosx1 u sin u sinx1 u ;
u ¼ u
1þx1 ¼ ð1 k3Þu ðA:15Þ
On the other hand, calculation carried out on the nonlinear zone
give:
lim
c!1
c
f1
c
¼ 21x1 ð1þx1ÞC1
lim
c!1
c
@f1
@c
¼ 0
lim
c!1
r ¼ 21x1x1ð1þx1Þ C1c cosx1 u
ðA:16Þso that the solution takes the form:
c ¼ 21x1x1ð1þx1ÞC1r cosx1 u; s ¼ s0 ðA:17Þ
Moreover, by using the expressions:
x ¼ 21x1x1ð1þx1ÞC1cx11 cosx1 u cos u
y ¼ 21x1x1ð1þx1ÞC1cx11 cosx1 u sin u
ðA:18Þ
one obtains u ¼ u.
This last result seems to results in a contradiction because, in
general,  p2 þ a 6 u 6 p2  a whereas pþ a 6 u 6 p a. No con-
tradiction really exists, because the strains are nonzero only in the
range  p2 þ a 6 u 6 p2  a. In this speciﬁc range, the condition
u ¼ u holds true. The same remark was made by Champion and
Atkinson (1993) with reference to the crack case and, more re-
cently, also by the present authors dealing with U-shaped notches
ðq–0; 2a ¼ 0Þ (Zappalorto and Lazzarin, 2009).
Appendix B. Limit solutions valid for the Ramberg–Osgood law
In Section 6 an expression for x and y was presented with refer-
ence to a generic stress–strain law combined with the speciﬁc case
x1 ¼ 1.
Consider now a material obeying a Ramberg–Osgood law, Eq.
(84). The aim here is to determine the asymptotic characteristics
of the solution near the notch tip (where the nonlinear behav-
iour is predominant) and at a certain distance from it, where,
on the contrary, it is the linear elastic behaviour to be
predominant.
For so doing, it is necessary to solve the following two limits:
lim
s!þ1
snþ1 C1
1
s  ðsþ dsnÞ 
Z þ1
s
df
f2ðfþ dfnÞ
 !" #
ðB:1Þ
lim
s!0þ
s2 C1
1
s  ðsþ dsnÞ 
Z þ1
s
df
f2ðfþ dfnÞ
 !" #
ðB:2Þ
where sP 0; n > 1 and d > 0.
As a ﬁrst step, we deﬁne the following function
xðsÞ ¼ C1 1s  cðsÞ 
Z þ1
s
df
f2cðfÞ
 !
ðB:3Þ
When cðsÞ ¼ sþ dsn, the three terms 1
f2cðfÞ ;
1
fcðfÞ and
c0 ðfÞ
fc2ðfÞ admit a
primitive at þ1. Consequently, an integration by parts is possible
noting that 1=f2 is the derivate of 1=f:
xðsÞ ¼ C1 1s  cðsÞ þ
1
f  cðfÞ
þ1
s
þ
Z þ1
s
c0ðfÞ
fc2ðfÞ df
 
¼ C1
Z þ1
s
c0ðfÞ
fc2ðfÞ df ðB:4Þ
The function xðsÞ is now written as an integral function (Torricelli’s
integral). Now, by taking advantage of the properties of nonnegative
integral functions, we know that:
lim
s!þ1
xðsÞ ¼ 0 and lim
s!0þ
xðsÞ ¼ þ1
for any assigned value of n and d. We can then apply l’Hôspital’s rule
to Eqs. (B.1), (B.2).
Consider ﬁrst Eq. B.1. It can be rewritten in the form:
lim
s!þ1
C1
Rþ1
s
c0 ðfÞ
fc2ðfÞ df
h i
sn1
ðB:5Þ
Now, by applying l’Hôspital’s rule, one obtains
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s!þ1
C1
Rþ1
s
c0 ðfÞ
fc2ðfÞ df
h i
sn1
¼ lim
s!þ1
C1 c0 ðsÞsc2ðsÞ
h i
ðnþ 1Þsn2
¼ lim
s!þ1
C1 1þndsn1sðsþdsnÞ2
ðnþ 1Þsn2 ¼
C1
d
n
nþ 1 : ðB:6Þ
Analogously, for the case at 0þ:
lim
s!0þ
C1
Rþ1
s
c0 ðfÞ
fc2ðfÞ df
h i
s2
¼ lim
s!0þ
C1 c0 ðsÞsc2ðsÞ
h i
ð2Þs3 ¼ lims!0þ
C1 1þndsn1sðsþdsnÞ2
ð2Þs3 ¼
C1
2
ðB:7Þ
We have demonstrated that the asymptotic nature of the solution
near the notch tip is of the kind:
sðx;u ¼ 0Þ ¼ C1
dr
n
nþ 1
  1
nþ1
ðB:8Þ
whereas, at a certain distance from the notch tip, the asymptotic
law changes and becomes:
sðx;u ¼ 0Þ ¼
ﬃﬃﬃﬃﬃ
C1
2r
r
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